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Let k be an algebraic number field and let B be the ring of integers of k. We 
define for each positive n and each prime ideal p of B a nonnegative integer 
r,(p) as follows: if n = Cl,, kiq’ is the q-adic expansion of n where q = Np, 
set r,,(p) = (n - Zip,, k,)/(q - 1). We then set &n(k) = &p’s(P) where the 
product is taken over all prime ideals of 8. Of course g,,(Q) = (n!). Properties 
of the ideals g,,(k) are investigated. For instance, we prove: Supposef(n) E Qx] 
is primitive of degree m and 4cf) = the ideal in B generated by the elements 
f(a), a E B, then dkcf> divides g,,,(k). We also associate with each extension K of 
k of degree m an ideal S(K/k) which divides &(k). Properties of 3(K/k) are 
established. 
1. Let k be an algebraic number field and let 6’ be the ring of 
integers of k. For each positive integer n we define an ideal &(k) of 9 
in the following manner. If p is a prime ideal of 8 with q = iVp let 
n = k, + hq + m.0 + k,qt (where each kg lies between 0 and q - 1) be 
the q-adic expansion of n; we let rJp> = (n - & k,)/(q - 1) and define 
where the product extends over all prime ideals p of 8. [It is well-known 
from elementary number theory that ‘&(Q) = (n!).] We shall write &, 
instead of ‘&n(k) when there is no danger of confusion. The object of this 
paper is to derive some basic properties of the ideals &n(k). It turns out 
that they are intimately connected with the polynomial ring 0[x] (see [2] 
for the case B = 2). As a result of this connection, it becomes possible 
to associate with each extension K of k of degree n an ideal 3(K/k) which 
is a divisor of &(k). Some properties of this ideal are given. 
In order to give precise statements, we need some notation. Letf(x) = 
~~=, cixi belong to e[x] and supposef(x) is primitive, i.e., (c, , c1 ,..., cm) = 
(1). We denote by d,(f), or just d(f), the ideal generated in 19 by all 
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elements of the formf(ol), pi E 8. More generally, if (I is an ideal in 6, and 
b = a + b is one of the Na cosets of 0 relative to a, we denote by d,(b,f), 
or just d(b,f), the ideal in 19 generated by all elements of the formf(a), 
u: E 6. It is clear that d(f) = d(B,f). I n section 4, the following results are 
proved: 
(1) There exists a unimodular matrix W,,,(b) over 8, depending only on 
the coset 6, such that if f(x) = x2, cixi is a primitive polynomial in B[x] 
and if 
then 
(co*, cl*,..., cm *>’ = W,,(b) - (co , cl ,..., cm)‘, 
d(b,f) = (a”&,c,*, al&cl*,..., P&J,*). 
(2) The ideal d(b,f) divides am&,, . Conversely if b is any divisor of 
amg, then there exists a primitive polynomial f(x) in 19[x] of degree m 
such that d&f) = b. 
(3) If b = a + b and (a,f(b)) = (I), then d(b,f) divides grn and 
(a, d(b,f)) = (1). Conversely, if b is any divisor of 5, such that (a, b) = 
(I), then there exists a primitive polynomialf(x) in 0[x] of degree m such 
that d(b,f) = b and (a,f(b)) = (1). 
(4) If b = a + b and (a,f(b)) = (I), then d(b,f) = d(f). 
Now let K be an extension of k of degree m. Suppose K = k(cu), where iy. 
is an integer, and set&(x) = Irr(ol, k, x). Then f&(x) E @xl is primitive, 
so that &(fJ divides &Jk), by (2) above. We define 3(K/k) = the least 
common multiple of all the &(fJ where 01 runs through all the integers of 
K such that K = k(a). In Section 5, we derive some properties of 3(K/k). 
For instance, we can show that if 5 is a primitive pth root of 1 where p 
is a prime such that p = 1 (mod 8), then Z(Q(l;)/Q) is divisible by 2(p-1)/2. 
The results (1), (Z), (3), and (4) above are proved by localizing to the 
p-adic fields k, where p is a prime ideal of 0. This local case is treated in 
Section 3. In Section 2 some preliminary results (needed in Section 3) are 
given concerning a p-adic analogue of n!. 
2. Let k be a completion of a finite algebraic number field k’ with 
respect to a discrete non-Archemedian valuation associated with a prime 
ideal in k’. Let q = pf be the number of elements in the quotient field e/p 
where 8 and p are the ring of integers and the maximal ideal of k respec- 
tively. We choose a complete set of representatives {ri}, (0 < i < q - 1) 
of e/p in 6’ such that ym = IZ for IZ < p - 1. By fixing a generator rr of p, 
the r-adic expansion of an element in k with respect to {yi> is unique. 
Now let 
n = k. + klq + k2q2 + .a. + k,qt (1) 
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be the q-adic expansion of a non-negative rational integer n where ki are 
nonnegative rational integers < q - 1. Clearly such an expansion is 
unique for each n. We define the element a, in 8 by 
% = Yko + YklT + ylp2 + ..* + ykt+ (2) 
and set fl = (0~3. A is a subset of t9 which consists of those elements of 
9 with finite z--adic expansions with respect to {y$}. If q = p and if we 
pick rr to be p, then an = n, i.e., A coincides with the set of all nonnegative 
rational integers in the p-adic field k. The set A is clearly dense in 0, 
and this obvious fact will often simplify our discussions in this article. 
Let v be the exponential valuation of k normalized as v(n) = 1. 
LEMMA 1. For arbitrary elements 01, and ~1~ in (1 we have v(01, - c11,) = 
4%-d)- 
ProoJ The assertion is trivial if n = m. Suppose that n f m then the 
q-adic expansions of n and m are distinct. Let the q-adic expansions of n 
and nz start as n = k,q” + ..* and m = lVqv + a.*, respectively, where 
k, f 0 and 1, # 0. If u f z, or u = ZI but k, # Z, , then the assertion is 
clearly true. If u = u and k, = I,, , let w  be the smallest integer such that 
k, # I,. Then again both V(CX~ - CL,) and u(~~l+~l) are equal (to w). 
The product nE==, ak plays the role of n! in our field k. We shall employ 
the following notation throughout this article: 
a,! = fi OIk a,! = a1 = 1. (3) 
k=l 
LEMMA 2. Let (1) be the q-adic expansion of a nonnegative rational 
integer n and let S, be the integer defined by S, = k, + kI + k, + **. + kt . 
Then we have v(~l~!) = r, = cfl [n/q”] where r, is defined as r, = 
(n - &J/(9 - 1). 
Proof. The well known method of computing the highest power of a 
prime number in n! can be applied to our case without alteration. 
COROLLARY 1. Let t, be the smallest integer i such that ki # 0 in the 
q-adic expansion (1) of n. Then v(cx,) = t, . 
Proof. By Lemma 2, v(oln) = r,, - r,-, = (1 - (S, - S,J)/q - 1. 
By the definition of t, , the q-adic expansions of n and n - 1 are n = 
kt,cP + **. + k,qt and 
k-1 
n-l= c (q-l)qi+(k,,-l)qt”+*..+ktqt 
i=O 
which give S, - S,-, = 1 - (q - 1) tn. 
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Following the notation for binomial coefficients, we shall employ the 
foliowing notation: 
%+1 
t 1 
= 
ffn 
%+1. ‘/a,! a!,! II, 1 3 0. (4) 
COROLLARY 2. For arbitrary nonnegative rational integers n and I, 
pql) is an element of 0. 
Proof. By Lemma 2, we have 
but this is nonnegative because each term is nonnegative. In fact, 
[a + b] - [a] - [b] 3 0 holds for arbitrary nonnegative reals a and b. 
COROLLARY 3. For an arbitrary element 01 in 0, we have 
Proof. The statement is trivial if 01 = elk , k < n - 1. If a: = at and 
k 3 n, then we have 
v g (4c - i) = ( ?+-l a ) v i,_,$-,, %) = v ((Z:jj + v(4) 2 V(%!>. 
We proved that the statement is true for elements in A. Then the statement 
is true for every (y. in 0 because of the denseness of A in 0. 
The elements of A depend on the choices of {ri} and V. However, 
Lemma 2 and Corollary 1 show that rn = v(cx~!) and tn = v(~,J are 
independent of the choices of {n} and 7~. Therefore the ideals (ar,) and (an!) 
are intrinsic to k and actually we will be using the properties of (an) and 
(an!) rather than those of cy, and OL n!. For computational purposes, however, 
it is convenient to use a fixed set A. We shall denote the ideal (an) = ptm by 
as = a,#) = (oln>, a, = (0). (5) 
Then the ideal (s!) = p’s can be expressed as I-I:=1 a, . We shall denote 
this ideal as follows: 
&=a,!=fia,, iJo = a,. 1 = a1 = 8. (6) s-1 
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3. The set A defined in Section 2 will be fixed throughout this 
section. We now define 
r-1 
$&(x) = l-J (x - clj) = i sy 
i=O l&=1 
and 
(1) 
(2) 
Then the matrices 
are inverses of each other and diagonal elements of both matrices are all 
equal to 1. Thus SE as well as u: are all contained in 9. Following the 
special case when (1 = in>, we may call Sz and C$ the Stirling numbers of 
the first and the second kind with respect to A, respectively [l]. 
Let a = pz be an ideal in 8. We shall view 8 as an additive group, a as a 
subgroup of 8. Let b be one of the Na cosets of 0 with respect to a. Then b 
can be expressed as b = a + b for some b in 0. Letf(x) be a polynomial 
in O[x] and let us define d(b,f) to be the ideal generated by all elements 
of the formf(ol) where 01 are elements of 6. The special one d(8,f) shall 
be denoted by d(f). For computational purposes it is convenient to fix 
a generator a for a and also a representative b for each 6. In fact when a 
and b are fixed, then d(b,f) is the ideal generated by the elements of the 
formf(ar) where 01 are elements in Aa + b, because A is dense in 0. Let us 
fix a and b once and for all and define 
r-1 
C&(X; 6) = fl (x - cYia - b)/& 
i-0 
(3) 
which is a generalization of C+&(X) defined by (1). We also use the notation 
fb for 
ha(x) = f(x + 0 (4) 
The equations d(b;f) = d(a,f& d(f) = d(fJ are clear. 
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Let .f(x) be a polynomial of degree m in @xl. Let us express f(x) as 
f’(x) = zzo b(b) #4x; b)/ai! (5) 
which is the Newton type interpolation formula forf(x). 
LEMMA 3. Let f (x) be a polynomial of degree m in @xl. Then in the 
expression (5) off(x), the h,(b) are elements of 0 and 
d(W) = (h,(b), ML.., Ltb)) = (fb(oloa),fb((Yla),...,~(~~a)). 
Proof. From (3) and (5), we have 
f(cw + b) = i$o h(b) is (a, - qJh! . 
k=O 
The coefficient of hi(b) is in 0 because it coincides with (2) up to a unit 
factor (by Lemma 1) if n 3 i, and is 0 otherwise. We can also show that 
the h,(b) are in 8. In fact, since we have 
the f(a,a + b) (0 < n < m) are related to the h{(b) (0 < i < n) by an 
upper half triangular unimodular matrix. This proves the second equality 
of the lemma. The first equality is also clear from the fact that Aa + b is 
dense in 6. 
Let us now write f(x) = Cyi, cixi and Jo(x) = f(x + b) 
Then 
ei = fti’(b)/i! = Fi 8 clbiei 
gives the relation 
(e. , el ,..., 4 = Mm(b)(co , cl ,..., 4’ 
where M,(b) is a unimodular matrix defined by 
Mn(b) = 
‘1 b b2 . . . bn’ ’ 
(6) 
(7) 
(8) 
CLASS OF IDEALS 
This then gives 
(Sb(olOU),fb(ollU),...,~(~~U)) = xn@) * Mm - (co > Cl ~~~~~ GJ' 
where N,(a) is defined by 
1 0 0 . . . 0 
xn@) = 
1 (c+) (CQU)” *** (CQU)” 
: 
i (Olm~) (a,U)2 - (~l~~)m 
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(9) 
(10) 
LEMMA 4. There exist unimodular matrices U,,, and Vm(a) such that 
U,N,(u) V,(a) = diag(ol,! a”, oI1!al, ~~!a~,..., ~,!a~). 
Proof. The proof differs little from that of Lemma 2 in [l]. We shall 
use induction on m. If m = 1, then we only have to take U, = (kl i) and 
V,(a) = (i 3. By the induction assumption, there exist U,-, and V,-,(u) 
which satisfy the assertion. We set 
urn-1 0 Um=[x 11 and V,,(u) = [ “;;-l f] 
where x = (x0 , x1 ,..., x,J and y = ( y. , y1 ,..., ymP1)’ and then we try 
to find components of x and y in 6 such that the assertion holds. Let us 
write N, = N,(u) in the form 
N, = [N;-’ ( K ,-I. 
%l@ 
Then the assertion is equivalent to finding x and y satisfying 
XN,, + p = 0, N,-,y + K = 0, X * K + (cL,U)~ = a,!@. 
The third condition is automatically satisfied if the first two conditions 
hold because det N, = n:, a,!&. From the first equation, by Cramer’s 
rule and by the Lemmas in Section 2, we obtain x0 = - 1 - c!Zt xk 
and for k > 1, xk: differs from Q+;) by a unit factor. This shows that xrc 
are in 8. The computation of yk is equivalent to finding the unique poly- 
nomial of degree m - 1 which takes the values -(oleu)m at clliu 
(0 < i < m - 1) which is clearly nEil (x - aiu) - X” = Czil $,,u~-~x~. 
We obtain y. = 0 and yk = an-k k S, (1 < k < m - 1) where Pi are 
the Stirling numbers of the first kind with respect to A. 
We now define ci* = ci*(b) by 
vmwl~@)(co 3 Cl )...) cm)’ = (co*, cl* )...) cm*)‘. (11) 
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Then Lemma 4 and (11) give 
Since U,,, is a unimodular matrix, we have 
THEOREM 1. Let f (x) be a polynomial of degree m in Qx]. Then we have 
d(b,f) = (‘~~!a~c,*, q!&,*...., a:,!u""c,*) where ci* = ci*(b) is defined 
by (11). 
This result can be applied to obtain more precise information about 
dhf h 
THEOREM 2. (i) Zf f (x) is a primitive polynomial of degree m in @xl, 
then d(b, f) divides am * &,, . Conversely, if b is a factor of anr . &, , then 
there exists a primitive polynomial of degree m in &xl such that d(b, f) = a. 
(ii) Say f (x) is a primitive polynomial of degree m in Qx] and suppose 
that (a, X(O)) = 1. Then d(b, f) divides & and (a, d(b, f)) = 1. Conversely 
ifb is a factor of grn and $(a, b) = 1, then there exists aprimitivepolynomial 
f(x) of degree m in e[x] such that d(b, f) = b and (a, f,(O)) = 1. 
Proof. (i) Since f (x) = CL, cixi is primitive, the ci* = ci*(b) are rela- 
tively prime because they are related to the ci by the unimodular matrix 
V,(a)-lM(b). If b does not divide am * &, , then a” * & must divide b 
because ideals in 8 are linearly ordered by the inclusion relation. If this 
is the case then Theorem 1 shows that v(c<*) > 0 for every i (0 < i < m), 
but this is a contradiction. Conversely, if b divides am * &,, , let f (x) = 
P&(X; b) + 79 = jJLil (x - qu - b) + ns where S = v(b). Then clearly, 
we have d(b, f) = b. 
(ii) The assumption (a,fa(O)) = 1 implies either (f,(O)) = 8 or a = 8. 
If (X(0)) = 8, then d(b, f) = 8, so the assertion is trivially true. If a = 8 
then the assertion is direct from (i). Conversely, let b be an ideal which 
divides $jrn and (a, b) = 1. Let S = v(b) and define ci* = ci*(b) = +’ 
for i < m and cm* = 1. Then the ci defined by 
( . . . . ci ,... )’ = M,(b)-l . V&)( . . . . ci* ,... )’ 
are relatively prime. Thus f (x) = CL, cixi is primitive of degree m and 
d(b, f) = p6 = b. It is also easy to see that fb(0) = q,* = 7r8 so our 
assumption (a, b) = 1 implies a = 8 or b = 8. If a = 8, then (a&(O)) = 1 
is trivial. If b = 8, then S = 0 which implies that&(O) is a unit and again 
hMO>) = 1. 
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THEOREM 3. Let f (x) be a primitive polynomial of degree m in @]. If 
(a&(O)) = 1, then d&f) = d(f). 
Proof. By Lemma 3, d(b, f) = d(a, fb> = (..., fb(olra) ,... ). By the same 
lemma we have d(f) = (A,, A, ,..., X,) where we take a = 6 and write 
hi = h,(8) in (5). Actually (5) in this case becomes f (x) = z:, &~&(x)/q! 
and hence by the translation x -+ x + b we have 
Setting x = aia (0 < i < m) in this equation, we obtain 
(fb(oloa),fa(olla),...,fa(OLma))’ = P(aMo , A ,..., 42’ (13) 
where P(a) is the matrix whose element in the (i,j)th position is &(qa)/Luj!. 
By elementary row and column operations, one obtains 
det P(a) = 
but by Lemma 1 one sees that the coefficient of a(m(m+1)/2) is a unit. Now 
the present assumption (a, f,(O)) = 1 implies that (a, d(b, f )) = 1. This 
implies either a or d(b, f) is 0. If a = 0 then a, the generator of a, is a unit 
and this shows that P(a) is unimodular and we have from (13), d(b, f) = 
d(f). If d(b, f) = 0, then, since d(b, f) is divisible by d(f), d(f) must be 0 
and hence we again have d(b, f) = d(f). 
4. In this section we shall generalize the results of the previous 
section to algebraic number fields. Let k be a finite algebraic number field 
and let 0 = t$ be the ring of integers in k. For a prime ideal p of k, 
let k, , or, , and fi be the completions of k, 0, and p with respect to the 
valuation associated with p, 
When we refer to the notions defined in previous sections, we shall do 
so by indicating p to avoid possible confusion, such as a,(p), r,(p), 
t,(p), etc. 
Now let n be a nonnegative rational integer. Then for each prime ideal 
p in k, the numbers m(p) and t,(p) defined in Lemma 2 and its corollary 1 
on the field k, are all zero except for a finite number of exceptions. We 
shall define 
a,(k) = fl ptntp), a,(k) = (0) (1) 
P 
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where the product runs over all prime ideals p in /i. The product JJF=, q(/c) 
plays the role of n! for k. We shall denote this product by 
It is clear from the definition that the prime decomposition of &(k) is 
given by 
g,(k) = 17 pI‘“(“’ (3) 
P 
where the product runs over all primes in k. It is also clear from the 
definition that 
Sri(k) = 5,-,(k) an(k) (4) 
and if k = Q, then 
&n(Q) = W), an(Q) = (4. (5) 
Also for an arbitrary prime p in k we have 
an(k) * or, = %(k,), &n(k) . & = 8&J. (6) 
In particular, the norms of a,(k) and &(k) can be obtained from the local 
norms. 
Now let a be an integral ideal of k regarded as a subgroup of the additive 
group 0. Let b be a coset of 8 with respect to a; then b can be expressed 
as b = a + b for some b in 8. Let f(x) be a polynomial in B[x] and let 
d(b,f) be the ideal generated by all elements of the form f(a) where 01 
belongs to 6. The special one d(6,f) shall be denoted by d(f). Let p be 
a prime in k and put a(p) = a - Or, , b(p) = a(p) + b when b = a + b. 
LEMMA 5. d(b,f) - eP = d(b(p),f). 
Proof. The inclusion d(b,f) . 8, C d(b(p),f) is clear. Let fl = fl, 
be a set defined in k, as in Section 2. By the denseness of A, in 8,) 
d(b(p),f) is generated by {f(a)} where the elements (Y are in /l,a + b and 
here a is a generator of a(p). It is clear, however, that the elements of/l, 
can be assumed to lie in 0 = 8, because the representatives (~3 and 7~ in 
k, can be chosen in k. Also, the generator a of a(p) can be picked in 
8 = t& which makes A,a + b a subset of b. This proves the reverse 
inclusion relation. 
Being an ideal in k, , d(b(p),f) can be expressed as $Yfor some integer 6. 
We shall use the same notation to indicate the ideal p8 in k. Then we have 
COROLLARY. d(b,f) = nP d(b(p),f) where the product runs owr all 
primes in k. 
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Now the statements of Theorems 2 and 3 can be carried over to the 
global case without any modification. In fact, we have 
THEOREM 4. (i) If f (x) is a primitive polynomial of degree m in e,[x], 
then d(b, f) divides am . &Jk). Conversely, if b is a factor of am * &,Jk), 
then there exists a primitive polynomial f (x) of degree m in O,[x] such that 
d(b,f) = b. 
(ii) lf f (x) is a primitive polynomial of degree m in e,[x] such that 
(a, fb(0)) = 1, then d(b, f) is a factor of &Jk) and (a, d(b, f)) = 1. Con- 
versely7 ifb is afactor of g&k) and $(a, b) = 1, then there exists aprimitive 
poZynomialf(x) of degree m in e,[x] such that d(b, f) = b and (a,,f*(O)) = 1. 
Proof. By the corollary of Lemma 5, the p factor of d(b, f) is d(b(p), f ); 
but then by Theorem 2(i), d(b(p), f) divides a(p)” * gm(kp). Conversely, 
let b be a factor of am. &#c), and let b(p) = b * 8, . Again by Theorem 2(i) 
there exists a primitive polynomial fJx) of degree nz in B,[x] such that 
4WMJ = d(W,f,,b) = b(p). A s we see from the proof of Theorem 
2 (i), fi,,b can be chosen to be a manic polynomial. Let us write fpSb as 
Jfp,b(x) = e$’ + ep)x + 0.. + ez)x”, e$’ = 1, ei”’ E 8, ; (7) 
then by the approximation theorem (see for example [3]), there exists ei in 
e for each i (0 < i < m) such that the following properties are satisfied. 
(1) If p / b, then vP(ei - eiP’) > v#) (0 < i B m); 
(II) If p f b, p 1 5,(k), then vP(ei) = 0 (0 < i < m). 
For the sake of simplicity, let us choose e, = 1. Then the polynomial 
fb(x) = e, + e,x + **a + e,x”‘, e,,L = 1, ei E ea (8) 
is primitive (since manic) of degree m in e,[x]. Then f (x) is also primitive 
because its coefficients ci are related to the e, by Eq. (7), Section 3. Now 
if p is a prime of type (I), then from d(a(p), fb) = d(a(p), f,,,) = b(p) we 
get d(b, f) = b(p). Similarly, if p is of type (II), then d(a(p),f,) = eP 
because fb(0) = e, is a unit in tip . This gives d(b(p), f) = 8, . Sincef is a 
primitive polynomial of degree m, the first part of (i) shows that d(b, f) 
is not divisible by a prime which does not divide am. * &(k). This proves 
that d(b, f) = b. 
(ii) The first part is almost direct from (i) because d(b, f) divides 
am . &Jk), but (X(O)), which is a multiple of d(b, f ), is relatively prime 
to a. Conversely, suppose that b is a factor of &(k) and (a, b) = 1. 
Then by Theorem 2 (ii), there exists a primitive polynomial fp(x) of degree 
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m in B&X] such that d(b(p),&) = d(a(p),f,,,) = b(p). The function fF,, 
exhibited in the proof of Theorem 2 (ii), is manic and hence fP,b is also 
manic. Now the argument employed in the second part of (i) can be 
carried over to this case. 
THEOREM 5. Let f (x) be a primitive polynomial of degree m in &[x]. 
rf(d@)) = 1, then d(b,f) = d(f). 
Proof. This is a direct consequence of Theorem 3 and the corollary to 
Lemma 5. 
It remains to construct the matrix W,(b) mentioned in Section 1. Say 
a(p) = a$, , ap E opt . in Section 3, the matrix V,(a,) was constructed. 
V&a,) is unimodular with entries from 8, , indeed it is upper triangular 
with l’s on the diagonal. If T is the set of primes occurring in the ideal 
a*&lL, then by the approximation theorem we can construct an upper 
triangular matrix V,(a) with entries from 8 and l’s on the diagonal such 
that V,(a) = V,(a,)(mod pN) for each p E T, where N is a large positive 
integer. Let W,,(b) = V,,,(a)-’ * M(b) where b = a + b and M(b) is the 
unimodular matrix defined in Section 3. It follows that W,(b) is close to 
W&b(p)) = V;‘(a,) * M(b) for each p E T, and so W,(b) * (c, ,..., cm)’ 
is close to Wm(b(p)) . (ca ,..., c,)’ for each p E T. It follows from the results 
of Section 3 that the p-factor of d,(b, f) coincides with the p-factor of 
(a”~oco*, a . &cl*,..., am . &,J~*), where 
(co*, cl*,..., cm *I’ = W,(b) * (co , cl ,..., cm)‘, for all p E T. 
Now if p $ T, then the p-factor of d(b, f) is 1 by Theorem 4 above, while 
the p-factors of a and &, are also 1 for 0 < n < m, by the definition of T. 
Thus the p-factor of (a0 . Boco*,..., am . gmcm*) = p-factor of (co*,..., c,*) 
which is 1. 
We have proved 
THEOREM 6. There exists a unimodular matrix W,(b) over 8, depending 
only on b, such that i f f  (x) = Cz, c& is a primitive polynomial in @xl, 
and if (co*, cI* ,..., c,*)’ = W,(b) * (co, c, ,..., c,)‘, then 
d(b, f) = (a0 - Soco*, a * &cl * ,..., am * gmcrn *), 
5. In this section we shall consider a slightly different type of 
problem. Let K be a finite algebraic extension of degree m over a finite 
algebraic number field k. Let 8, and 0, be the ring of integers of K and k, 
respectively. Let S(K 1 k) be the set of elements 01 in 0, such thatk(a) = K. 
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ThenfJx) = Irr(ol, k, x), for 01 E ,S(K ) k) is a manic irreducible polynomial 
of degree m in &[x]. Let 3(K j k) be the least common multiple of all 
ideals of the form d(fJ where o[ E S(K 1 k). It is clear from Theorem 4 that 
3(K 1 k) is a factor of gm(k). 
LEMMA 6. Let pv be the highest power of a prime ideal p in k which 
divides d( f,) for some (Y E S(K 1 k). Then there exists j? in S(K 1 k) such 
that 4fm) = vd(fJ. 
Proof. If v = 0, then the statement is trivial because we can take 
/3 = 01. We assume that v > 0. Let 
h(x) = fJ a,xi = fi (x - a$), a, = 1, 
i=O i=l 
be the factorization of fm(x) in the algebraic closure E of k. We assume 
that 01 = 0~~ . Let p = p1 , pZ ,..., nt be the set of all distinct primes which 
divide d(f,), and let pi’ be the highest power of pi which divide d(,fa). 
Furthermore, let q, , q2 ,..., qS be the set of all distinct primes which 
divide &(k) but do not divide d(f,). If m = pz . p3 .*. pt * q, * q, **a qS , 
then it is well-known that there exists a nonzero element p in p = p1 such 
that ((p), m) = 1. Then by the Chinese remainder theorem, there exists an 
element u in 8, such that 
pu = 1 mod p;i+i (2 < i < t), pu= lmodq, (1 <j<s). (1) 
Let us now define g(x) by g(x) = Hz, (x - puui); then it also has the 
expression g(x) = CL, (pu)m-iaixi. Now g(x) is a manic polynomial of 
degree m but is clearly irreducible because pu~ll = puce, is in S(KIk). 
Now (1) shows that 
g(x) = f,(x) mod pii+’ (2 < i d t), 
g(x) = fm(x) mod qj (1 < .I- B s), (2) 
which shows, except for the factor of p = p1 , d(g) and d(f,) are equal 
because by Theorem 4, d(g) is not divisible by a prime which does not 
divide B,Jk). Finally d( g) is relatively prime to p because g(1) E 1 + p 
and d(g) divides (g(l)). We now choose /3 = puo~; then &(x) = g(x) 
satisfies the property of the lemma. 
Let a, b be two ideals in k. We shall use the notation [a, b] to indicate 
the least common multiple of a and 6. 
COROLLARY. Let 01 and p be arbitrary elements of S(K I k). Then there 
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exist al and /I1 in S(K I k) such [hat [d( J&J d(ji)] = [d( fa,), d(jiJ] arzd 
MLJ 4.hJ = 1. 
Proof. Let us write d(fu) = n:=, pii and d(&) = J& pyt where 
1-8~ > 0 and pi 3 0. Let nt = J-I’ p;i where the product is taken for those 
pi such that vi > pi . Also let n = n’ p;’ where the product is taken for 
those pi such that pi > vi . It is clear from the definition that [m, n] = 
[d(h), d(.&)J and (m, n) = I. Applying the lemma we conclude that there 
exist 01~ and PI in S(K 1 k) such that m = d(f& and n = d(&). 
THEOREM 6. There exists an element q, in S(K j k) such that d(f,o) = 
3(K 1 k). 
Proof. Let 01 and /3 be elements of S(K 1 k). We shall show that there 
exists yin S(K / k) such that d(f,) = [d(.f,), d(&)]. Clearly, this is sufficient 
for the proof of this theorem. By the corollary to Lemma 6, there is no loss 
of generality in assuming (d(f,), d(&)) = 1. Let pl, pZ ,..., pS and 
q1 , q2 ,..., qt be the sets of all distinct prime ideals which divide d(jJ and 
d(f,), respectively. Let rl , rZ ,..., rU be the set of all distinct prime ideals 
which divide f&(k) but distinct from pi’s and qi’s. Let 
LXX> = fi (X - 47 Adx> = fi Cx -Pi> 
i=l i=l 
be the factoring of fa and fs in the algebraic closure E of k. We assume 
that oi = 01~ and /3 = j31 . Moreover, if u1 = 1, (TV ,..., u, be the set of 
distinct embeddings of K into E over k, we arrange the indices of oli and pi 
in such a way that U,U = 01, and a,/3 = By , (1 < v < m). Now set 
a = p1 - pZ -** pS * tl - r2 -.* t, and b = q, * q, ... q, - rl . r, --. t, . Then 
there exist nonzero elements e in d(f,) relatively prime to a, d in d(fJ 
relatively prime to b. The existence of such elements is a well-known fact 
in number theory. Now let p> be the highest power of pi that divides d(fJ 
and let q$Q be the highest power of qj that divides d(fs). By the Chinese 
remainder theorem there exist u and ZJ in ok which satisfy the following 
relations 
eu = 1 mod pii+’ (1 < i < s), eu = 1 mod rle (1 < k < u), (3) 
and 
du = 1 mod qyi+’ (1 ,< ,j < t), dz; = 0 mod rk (1 ,< k < u). (4) 
We define 
h(x) = fi (x - (eu 01~ + du pi)), 
i=l 
(5) 
CLASS OF IDEALS 221 
then by the arrangement of indices of 01~ and & , h(x) is a polynomial of 
degree 172 in &[x]. From (3) and (4), we obtain 
h(x) ES f,(x) mod pir+l, h(x) E h(x) mod qTj+‘, h(x) EE f(x) mod r, . 
(6) 
Since h(x) is primitive of degree m, d(h) cannot contain a prime which 
does not divide &(k). Then (6) shows that d(h) = [d(h), d(h)]. The 
remaining task is to choose h(x) to be an irreducible polynomial over k 
without violating the properties already imposed on h(x). Let w  = 
eua + dup. By the arrangement of indices of oli and pi , euor, + dv/l, = 
u,(w). This shows that h(x) is irreducible over k if Us,..., urn(w) are all 
distinct. Let us look at a,(w) as a function of u and put 
P(u) = n (U”(W) - u,(w)>. UC@ 
Then P(u) is a polynomial of u of degree at most (3. Now u,(w) and u,(w) 
are equal, for distinct v and IL, if and only if P(U) = 0. There are only a 
finite number of possibilities for u to satisfy this property. If u is a root, 
replace it by U’ = u + (Nok&(k))N with large positive integer N. If N 
is sufficiently large, the properties imposed on h(x) will not be violated 
when u is replaced by u’. Since there are infinite choices of iV, it is possible 
to make P(u’) f 0. Finally, we choose y = eu’a + do& thenf,(x) = h(x). 
THEOREM 7. Let L 3 K 3 k be a tower of finite algebraic extensions 
over a finite algebraic number field k. If [L : K] = m, then Z(K / k)” 
divides 3(L 1 k). 
Proof. By Theorem 6 there exists /3 in S(K ) k) such that 3(K I k) = 
d(fs). Let (Y be an arbitrary element in S(L 1 k), and letfu(x) = I-J (x - CQ) 
be the factoring of fu(x) in the algebraic closure E of k. Let u1 = 1, 
uZ ,..., a, be the set of all distinct embeddings of L into E over k. We let 
a = 011, B = Pl , and put uVol = 01, and CU$ = By. Let t be a nonzero 
element in d( fs) and define h(x) by 
h(x) = n (x - tNoli - /3<), (7) 
where N is a large positive integer. Since there are infinite choices of N 
we can assume tNai + p, are all distinct and hence h(x) is irreducible over k. 
Then y = tNcx + /3 is an element of S(L 1 k) which implies that d(h) 
divides 3(L I k). Also we have from (7) 
h(x) = n (x - ,$) = h(x)” mod(P). (8) 
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By the choice of t, taking N sufficiently large (8) shows that d(f,“‘) divides 
d(h). However, it is clear that d(&)” divides d(f,“). Combining these 
results we see that 3(K 1 k)” divides 3(L 1 k). 
Remark. Let k = Q and K = Q(dg) where m is a square free integer. 
In this case 3(Q(x&) I Q) is either (1) or (2) in 2. One can easily show 
that 3(Q(fi) 1 Q) = (2) if and only if D = 1 (mod 8) where D is the 
discriminant of Q(6). 
Let 5 be a primitivepth root of 1 over Q wherep = 1 (mod 8). Then the 
quadratic field in Q(5) is Q(G) h w  ose discriminant D is congruent to 
1 mod 8. Then Theorem 7 shows that 3(Q(i) j Q) is divisible by 2@-1)/2. 
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